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GENE~L~ED DISPLACEMENT OF THE NUCLEATE BOILING 

HEAT-FLUX CURVE, WITH PRESSURE CHANGE 

J. H. LIENHARD’ and V. E. SCHROCKt 

(Received 3 May 1965 and in revised~~rm 22 Jufy 1965) 

Abstract-A rational general&d correlation for the displacement of the nucleate boiling heat-flux 
curve with pressure, as a ftmction of reduced pressure, is formulated. Comparison of the correlation 
with experimental data shows that it is successful. 

A hypothesis that the wall superheat at any pressure is proportional to maximum theoretical 
superheat at that pressure is advanced. The hypothesis appears valid insofar as it can be checked 

experimentally. 

NOMRNCLATURE 

A, property dependent constant in the 
Yamagata equation; 

3, an undetermined constant; 
a, b, c, d, undete~ined constant exponents; 
f(x), g(x), undetermined functions of x; 

the specific Gibbs function; 
pressure; 

Subscripts 

z 
g, 

S, 
M, 

nucleate boiling heat flux; 
specific entropy; 
tem~rature; 
temperature of heating element 
(wall temperature); 
wall superheat, Tw - T,; 
specific volume; 
increase of specific volume upon 
vaporization. 

denoting a critical property; 
denoting a saturated liquid property; 
denoting a saturated vapor 
property; 
denoting a reduced (i.e. divided by 
critical value) property; 
denoting a saturated property; 
denoting a variable evaluated for the 
maximum theoretical superheat a 
liquid can sustain; 
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1,2, 3,4, . . . , i, . . . , denoting various unde- 
termined functions. 

~RODU~ON 

A PROBLEM of great importance in contemporary 
applications of nucleate boiling is that of de- 
termining how the nucleate boiling heat flux, q, 
changes with the system pressure, p. Bonilla 
et al. [1,2] have provided an important insight 
into this question by showing that the observed 
wall superheat, AT, in saturated nucleate pool 
boiling can be correlated with the relation: 

alnAT 
-jj-nj- B = - constant 

I 
. (0 

This expression-insofar as it is accurate- 
solves the heat-flux displacement problem by 
showing us how to displace the heat-flux vs. wall 
superheat curve. 

Data for water and a variety of organic liquids 
implied [l] that the constant in equation (1) 
should be about A, while later experiments with 
mercury [Z] imphed that it should be about 3. 
Equation (1) was established in each case at 
pressures up to only about one one-hundredth 
of the critical pressure,pc. At higher pressures the 
Jens-Lottes [3] empirical correlation of sub- 
cooled, forced-convection, nucleate boiling heat- 
transfer data for water: 

ATdegF = l-9 [qs]*exp (_g) (2) 
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implies a considerably different form of equation equation (4), and logarithmic differentiation of 
(I), namely : the result, leads to: 

(3) 

Clearly we will have a tool of some importance 
if we can make a general statement about the 
form of this logarithmic derivative. Indeed, 
Forster and Greif [4] have already employed 
equation (1) in their formulation of nucleate 
boiling heat-flux correlations, although they did 
not point out the low pressure limitation implied 
by its use. 

The present study is an attempt to fix the form 
of this derivative, and to indicate how it can be 
used in practice. 

ANALYSIS 
Recent work* in nucleate boiling has shown 

that the Yamagata equation: 

q = AATanb (4) 

gives good representation of the heat flux. The 
function, A, represents the entire dependence of 
q upon the physical properties of the fluid; a and 
b are constants, roughly equal to $ and _5, re- 
spectively; and the population density of active 
nucleation sites, n, reflects the influence of the 
heater surface. Although equation (4) is in- 
tended to describe only saturated boiling in the 
regime of isolated bubbles, it has been em- 
ployed successfully up to rather high heat 
fluxes. 

The site density, n, could be eliminated from 
equation (4) if it were possible to say how many 
sites are generated on a given surface at a given 
temperature. Despite our inability to do this, the 
fact that the expression: 

q NATC 

will nicely represent the data for any specific 
system leads us to assume that: 

where c = 1.2 + d/3. For most common sur- 
faces d/3 varies between 1.5 and 2.5. Accordingly 
equation (6) will be only slightly dependent 
upon surface roughness. 

The many proposals that have been advanced 
as to the form of A include a correlation by 
Kurihara and Myers [6], a theoretical expression 
by Tien [7], and a semi-rational expression by 
Lienhard [8]. These expressions are all simple 
products of relevant properties raised to 
different powers. Furthermore these properties 
are all uniquely defined by the vapor pressure 
which, for saturated boiling, is the system 
pressure. Each of these properties has also, at 
some time, successfully been generalized in 
accordance with the Law of Corresponding 
States (see, for example, [9] and [lo]). Thus: 

A = n {fi [f;;~;;;;;~‘;;;;] ) x 
E 

MPr) > (7) 

where f;: and gr are unknown functions, and pr is 
the reduced pressure, p/pc. 

The substitution of equation (7) into equation 
(6), gives : 

(8) 

or: 

a In AT, ___ 
I apr q 

= f2(pr, only) @a) 

Equation (8a) is the correlation equation that 
we wish to advance in this study. Equations (1) 
and (3) are special cases of equation (8a). 

n = BATd (5) AN HYPOTHESIS AS TO THE FORM OF THE 

where c as well as B and/or d depend upon the 
FUNCTION, fa(pr) 

surface. Substitution of equation (5) into The best knowledge of the properties of 
superheated liquids that we have is contained in 

* See, for example, a recent commentary by Boehm van der Waals’ approximate equation of state. 
and Lienhard [5]. In reduced coordinates, this equation is: 
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8Tr 3 
Pr=m-? 

Figure 1 displays typical isotherms of van der 
Waals’ equation. For any liquid saturated at 
pressure, ps, van der Waals’ equation specifies 
a maximum superheat, A TM E TM - T,, that the 
liquid can sustain. This ATM is a unique, mono- 
tonic function of pressure that can be deter- 
mined from equation (9) in the following way: 

The stable equilibrium saturation pressure, 
py, for the isotherm, T,, is determined by equality 
of the specific Gibbs function, g, in the liquid 
and vapor phases. Accordingly : 

II II /-CRITICAL POINT 

VAPOR STATES 

FIG. 1. The behavior of isotherms in a real fluid. 

“s dglT8 = y(vdp - SdT)T, = jvdp = 0 (10) 
f f f 

or (with reference to Fig. 1): 

Area (A) = Area (B). (11) 

Equation (11) makes it possible for us to write: 

prs (vr9 - Vrf) = q.pr(T,,, or) dvr (12) 
VI, 

and the substitution of equation (9) in equation 
(12) gives: 

8Tr, 3vrg - 1 
prs = Gv;)ln 3urf - 1 [ -1 - &-g. (13) 

The van der Waals vapor pressure curve was 
determined by trial and error solution between 
equations (13) and (9). First a trial prs was 
chosen; then vrs and vrf were evaluated at that 
pressure using equation (9). Finally these 
numbers were tried in condition (13). This 
process was repeated until the condition was 
satisfied. 

The minimum points of instability (point M) 
of the van der Waals isotherms were found by 
setting (apr/aur)Tr equal to zero, whence: 

8T, 2 
(3ur - 1)2 M = ;,3 M’ I I (14) 

Substitution of equation (14) into equation (9) 
gives : 

PTM = 

which was solved by trial and error for v,~ at a 
given pressure. Substitution of this urM in 
equation (9) gave the desired TrM. Values of 
TrM obtained by these computations are included 
in Table 1. 

Table l(a). Properties of a saturated van der WaaIs fluid 

TO PO v%? 9. (Of& T TM ATcw 
.- 

1.0 1.0 :::4 1.0 0 1.0 0 
1.90 064595 0602 1.74 o-9343 1 0.0343 1 
0.8814 059179 261 05825 203 0.92580 0*04440 
0.80 0.38334 4.17 0.5174 3.65 0.89477 0.09477 
0.67591 0.16726 9.23 045778 8.77 0.86520 0.18929 
O-576506 O-068712 20.63 0.4259 2020 0.85250 0.27600 
0.43766 0.010651 107.7 039355 107.3 0.84508 040742 
0.350 OW15642 594.0 0.37772 5940 0.84375 o-49375 
0240 owoO1953 32750.0 0.36116 32750.0 o-84375 060375 
0 0 03 4 co O-84375 0.84375 

_ -.-__. 
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Table l(b). Properties of a saturated van c&r 
Waals fluid 

- _____ 
- 

PT. 
d In AT,, _ --- 

dPr 

0 
040002 16or 
O+OOOl 370 
oGoo5 118 
O+ol 71 
O+OS 21.2 
0.01 12.8 
0.05 5.48 
o-1 3.93 
0.20 + 0.38 3.17 
0.4 3.25 
045 3.41 
0.5 3.53 
0*55 3.98 

x::5 4.35 5.524 
I.0 co 

- ----T 

The hypothesis that we wish to advance in 
this section is: 

The superheat, AT, for any con~~~rat~o~ and 
heat flux is directly proportional to the van 
der Waals ~~i~u~ superheat, ATM. 

That is to say: 

8 In AT, 

apr I 

d In ATrM 

e=-dpr ’ (16) 

This idea is advanced intuitively and can be 
justified only by comparison with experiment. 

Table 1 accordingly includes values of the 
derivative d In AT,,/dp, determined by graphical 
differentiation. A further discussion of the use of 
van der Waals’ equation as a description of the 
real gas isotherms is made in the Appendix. 

COMPARISON OF THEORY WITH 
EXPEXIMENTAL DATA 

FIG. 3. Correlation of (a In AT#p,), in the low pressure 
range. 

The correlating equation, equation @a), is Addoms [12] have been plotted and differentiated 
used in Figs. 2 and 3 to correlate. data from a graphically. Table 2 also indicates the relative 
variety of sources [l-3, 11, 121. These data are accuracy of these graphical differentiations. The 
tabulated in Table 2. The data of Bonilla et al. Jens and Lottes equation is only included in 
[l, 21 and the Jens-Lottes equation are repre- Fig. 2 as a matter of interest, since it represents 
sented by modifications of equations (1) and (3). (somewhat roughly) a large variety of forced- 
The data of Cichelli and Bonilla [I l] and of convection, and subcooled, boiling data. 

02 03 04 05 O-6 o-7 O-8 
REDUCED PRESStiRE, i: 

FIG. 2. Correlation of (8 In AT,/&+>, in the high pressure 
range. 

400 

, l__l_ HYPOTHESIS BASED UPON 
VAN DER WAALS’EOLIATION 

-- - BONILLA AND PERRY 

* I;.+ 

---- BONILLA ET AL 
300 *j;.+ 

P REDUCED DATA Of ADOOMS FOR WATER 

~-0 0 REDUCED DATA Of CICHELLI AND 

~NILLA FOR WATER, BENZENE, 

2 AND ETHANOL RESPECTIVELY 

b 
I / 0 

I 
i 

0 001 0,02 003 
REDUCED PRESSURE, p, 
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Table 2. Experiimentd v&es of------ 

Pr High 
(a in .mwr), 

Low Best 
value 

Reference Substance, symbol 

0.0312 -4.65 
0.156 -2.37 
0.312 - 1.38 
0469 - 0.87 
0.624 - 0.99 

0*00459 -11.4 
0.0156 -9.38 
0.0359 - 5.55 
0.161 - 2.43 
0.238 - 2.37 

0.0214 - 16.3 
0.0728 -455 
0.1674 - 2.97 
0.386 - 250 
0.677 - 2.45 
0.939 - 10.0 

0.016 
0.0594 
0.123 
0.286 
O-556 
0.825 

0.397 
o-479 
0.611 
0.767 

-240 
-6.8 
-3.17 

- 
- 

-3.13 

-0.57 
-0.60 
-1.23 
-3.15 

00007 

0.;7 

0+@07 

0.:2 

0.03 

0,:; 

- 

-5.3 
-3.04 
- 1.70 
-1.2 
-1.15 

-11.5 
-9.77 
- 7.72 
-2.50 
- 2.62 

-205 
- 4-94 
-3.20 
-2.80 
- Z80 

- 16.25 

- 26.0 
-7.8 
- 3.75 

- 
- 

-8.25 

-1.1 
- 0.92 
-1.64 
-5.3 

- 

- 

- 

- 4.95 
-2.8 
-1.6 
-1.1 
-1.0 

12 water, p 

-11.45 
- 9.4 
-6.6 
-2.5 
-2.5 

11 water, 0 

- 17.5 
-4.65 
-3.10 
- 2-65 
- 2.70 

- 13.0 

11 benzene, 

- 25.0 
-7.3 
-3.7 
- 2.32 
-2-2 
-3.57 

11 ethano1, D 

-0.8 
-0.8 
-1.3 
-4.15 

11 propane, U 

0.25 --- 
PI 

1 water, n-butanol, and 
isopropanol 

-- --- 

0,333 -e 
Pr 

2 mercury - - - - 

p&a -- 
900 

3 water - + - 
(subcooled forced 
convection) 

Figure 2 shows that equation (8a) is successful 
in correlating the data. The scatter of the data 
probably arises in part from the slight surface 
roughness introduced through the factor l/c in 
equations (6) and (8a). The dashed line faired 
through the data represents our best estimate of 
the function, fs&). The van der Waals hypo- 
thesis, equation (16), is also tested against these 

H.M.-2A 

data. It matches the best fit curve in the range 
pr c O*l. For this reason, the van der Waafs 
hypothesis is displayed in Fig. 3 (the low pressure 
range) as the best Iine through the sparse data in 
this range. 

The information in Figs. 2 and 3 can be put 
into more convenient form if we integrate 
equation (Sa) : 
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= exp [ - r_f%pr) dpr] (17) 

0 
we get: 

The functionf&+) is obtained graphically from 
Figs. 2 and 3, except for the very low pr range 
which is obtained strictly from the calculated 
van der Waals data in Table 1. 

Equation (18) is plotted for both the empirical 
curve and the van der Waals hypothesis in 
Fig. 4. This is our proposed design relation. If 
we know the form of the nucleate boiling heat- 
flux curve at some reference pressure we can 
displace it at constant q for a higher or lower 
pressure of interest by correcting AT at each 
point in the following way: 

ATreference AT atpr = 0 ATrecxence 
= 

ATinterest ATinterest I[ 1 ATatpr = 0 

(19) 
where the bracketed terms are obtained from 
Fig. 4. 

To illustrate the ability of the working form of 
the correlation [Fig. 4 together with equation 
(19)] to reproduce the effect of pressure on the 
superheat, an arbitrary example is shown in 
Fig. 5. A single value of Addoms’ data, at 
p,- = O-120 and q = 105 Btu/h fts, is used here to 
predict the pressure effect, and the result is 
compared with Addoms’ data at other pressures. 
A word of caution is needed in this connection. 
Since Addoms’ data were used in generating the 
correlation, Fig. 5 does not constitute a true 
comparison of theory and experiment. Rather it 
illustrates the fact that after considerable pro- 
cessing of the available data by the proposed 
correlative method the pressure effect is described 
with good accuracy. 

We can also write from Fig. 4, for design 
purposes : 

ATatp, = 0 
AT II 1.6 + 65p,; 

0.01 < pr < O-65 (20) 

REDUCED PRLSSURE, p. 

FIG. 4. The pressure dependence of the wall superheat in 
nucleate boiling. 

REDUCED PRESSURE, p, 

FIG. 5. Use of the correlation to reproduce Addoms’ 
water data at lo6 Btu/fts h. 

or, with the help of equation (19): 

0.01 < pr < O-65. (21) 

The use of a correlation of the kind proposed 
here is not without precedent. In 1961 Borish- 
ansky et al. [9] successfully correlated experi- 
mental data with the empirical expression : 

(q0*3/AT) 
(q0.3/AT) at pr = 0.025 = f4(pr)* (22) 
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Equation (22) is very similar to our rational 
expression, equation (8a), although it imposes 1. 
the additional restriction that q N AT3.B at any ’ 
specified pressure. This restriction is a reasonable 
approximation for many typical surface finishes 
(see, for example, the curves of Berensen [13]). ll. 
The present correlation assumes 4 - ATc but 
the magnitude of c is not specified. 12. 

CONCLUSIONS 13. 

(1) Displacements of nucleate boiling heat- 
flux curve, with changes in pressure, have 
been correlated in Figs. 2 and 3 with 14. 

equation (8a). 
(2) The success of the present van der Waals 

hypothesis suggests very strongly that AT 
15 

’ 
stands in direct proportion to the maxi- 
mum superheat that a liquid can sustain at 
any pressure. 
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APPENDIX 

The van der Waals vapor pressure curve is 

equation (21)] can be used to predict the 
plotted along with the experimental curve for 

(3) For design purposes, Fig. 4 together with 
equation (19) [or the approximation of 

pressure dependence of the superheat, AT, 
water, in Fig. 6. The failure of these curves to 

along a line of constant heat flux from an 
coincide is not surprising since the van der 

experimental value at one pressure. 
1.0. 
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Waals equation does not obey the Law of 
Corresponding States, closely. This misalign- 
ment raises two questions : (1) How do we match 
points between the two curves-at equal 
pressures or equal temperatures? and (2) Does 
van der Waals’ equation give an estimate of 
ATM that is sufficiently accurate to merit our 
attention ? 

nucleus size attains molecular proportions as 
AT maximizes it is probable that even in the 
finest experiments, microscopic fluctuations 
would initiate the formation of a nucleus bubble 
at temperatures well below TM. Accordingly the 
van der Waals prediction of ATM based on ps 
appears to give reasonable values. 

The extreme superheat data recorded by 
Kenrick et al. in 1924 [14] will be of some help 
in answering these questions. Table Al presents 
these data in raw and reduced form, along with 
properties of the liquids, and predicted values 
AT,, based upon matching both the vapor 
pressures and saturation temperatures. 

An earlier attempt to relate the van der Waals 
equation with the results of Kenrick et al. was 
made in 1947 by Temperley [15]. His approach 
was considerably simplified, however, in that 
he computed only the limiting value of T,,,, at 
zero pressure. The result is 

TrM = 27132 = 0.84375. 

The data imply that ATM should be chosen at Since all of Kenrick’s data were made at “low” 
the ps--not Ts-of interest for the following pressures (1 atm.), Temperley then compared 
reason: the ATM prediction based upon T8 them directly with hTrM based upon the real 
indicates that the experiment attained and even vapor pressure, and the van der Waals maximum 
exceeded TM, while the ATM prediction based temperature at pr = 0. The result is an attractive 
upon ps indicates that the experiments attained comparison of data with theory based upon a 
only + to 3 of ATM. Since the unstable bubble somewhat inconsistent use of the theory. 

Table Al. Some extreme superheats recorded for a variety of liquids by Kenrick et al. 
V= 

Experimental Prediction 
based upon 
saturation 

__-- - 

Liquid TC PC TB.P. Tr. PT6 Tltl,, 
(“F) $k$ 

bfirn,x Press. Temp. 
(“R) (psia) (“F) .‘Tr, AT,, 

~- 
Water 1165 3206 212.0 05765 OGl458 518.0 306.0 0.2626 0.4545 0.278 
Ethanol 930 927 173.0 0.680 0.01586 394.0 221.0 0.238 0.382 0.188 
Methanol 914 1156 148.6 0.665 001271 356.0 207.4 0.227 0.397 0.200 
Acetone 915 691 133.0 0649 0.02127 345.5 212.5 0.2325 0.3625 0.214 
csa 984 925 115.4 0.585 0.01590 334.5 219.1 0.223 0.382 0.279 
SOZ 714 1142 14.0 0.613 0.01286 122.0 108.0 0.1397 0.3965 0.245 
Benzene 1013 120 176.2 0.629 0.02055 391.4 221.2 0.2184 0.365 0.23 1 
Chlorobenzene 1139 656 269.0 0640 ($0224 482.0 213.0 0.187 03595 0.222 
Bromobenzene 1206 656 312.0 06405 0.0224 502.0 190.0 0.1576 0.3595 or221 
Aniline 1258 769 361.4 0.654 0.01911 503.6 142.2 01131 0.370 0.210 

Rksum&-Une correlation rationnelle generalike pour le deplacement de la courbe du flux de chaleur 
par Cbullition nuclee avec la pression est formulke en fonction de la pression reduite. La comparaison 

entre la correlation et les don&es experimentales montre qu’elle est couronnce de succes. 
On a suppose que la surchauffe parietale a n’importe quelle pression est proportionnelle a la sur- 

chauffe theorique maximale a cette pression. Cette hypothese semble valable jusqu’a ce qu’elle puisse 
etre confront&e avec 1’ experience. 
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Zusammenfassung-Eine rationelle, verallgemeinerte Beziehung fur die druckabhangige Verschiebung 
der Wlrmestromkurve beim Blasensieden wird als Funktion des reduzierten Druckes angegeben. 
Der Vergleich der Beziehung mit experimentellen Daten zeigt ihre Gtiltigkeit. Eine Hypothese wird 
weitergefiirht, die besagt, dass die Uberhitzung an der Wand bei jedem Druck proportional der 
maximalen theoretischen Uberhitzung bei diesem Druck ist. Die Hypothese scheint soweiet giiltig zu 

sein als sie experimentell nachgepriift werden karm. 

AHEOTaqIlsI-C~OpMynHposaHO PaqllOHaJIbHOe aHaJIElTMYeCKOe BbIpameHHe B OTHOCIITeJIb- 

HbIX nepeMenwbrx gnn cmemenna ~p11~0ti TeIIJIOBOrO nOTOKa npPI IIY3bIpbKOBOM KKneHMEI, 

KaK +y~KqIf~fl npIlBeAeHHOr0 AaBJIeHHs.CpaBHeHHe aHaJIIlTwIeCKOr0 BbIpameHnFl C aKcnepa- 

MeHTaJIbHbIMPI AaHHbIMIl nOKa3bIBaeT XOpOIIIee COOTBeTCTBHe. 

BbIgBHraeTCR r~noTe3a 0 TOM,YT~ neperpen na crenne npn JIJO~OM ~annenmr nponopqvro- 

HaJIeH MaKCMMaJIbHOMY TeOpeTR'JeCKOMy IIeperpeBy npPI 3TOM AaBJIeHMI8. HpOBeAeHHbIe A0 

CIlX nOp 3KCllepEIMeHTbI IIOKa3bIBaIOT ee CnpaBeAJIlfBOCTb. 


